Compositeness condition for dynamically induced gauge theories 
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We show that the compositeness condition for the induced gauge boson in the four-fermion inter- 
action theory actually works beyond the one-loop approximation. The next-to-leading contributions 
are calculated, and turn out to be reasonably suppressed, so that the leading-order approximation 
is justified. 
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From theoretical points of view, the gauge fields can be dynamically induced in various systems even without 
preparing them as fundamental objects |]l| - [T^ . In fact we have many signatures for it. In some models, gauge 
fields are induced as composites via nonlinear interactions of matters 01 - . They are applied to QED , hadron 
physics the electroweak theory |^-^, QCD induced gravity |^,|| and the theory of hidden local symmetry 

■ ' pO| . In quantum theory on constrained systems embedded in higher dimensional ones, gauge fields arise as induced 
connections. They are realized for particles confined in a tube or a layer and are applied to the embedding models 
' of the spacetime jl^ , providing a unification scenario of the gauge theory and gravitation. Recently emergence of 
gauge structure attracted attention in connection with quantization on non-trivial sub-manifolds ]l3[ | . Gauge fields are 
induced in more general systems associated with geometric (Berry) phases . The effects are observed or expected 
in the optical, molecular, solid state, nuclear, elementary particle and cosmological systems p"5|Jl^ ], and, in some 
models, they are taken as the origin of the dynamical gauge fields |p7| . 
\ In these models, we expect that the gauge fields become dynamical propagating fields through the quantum fluctua- 



Qf-^ • tions of the matters - 1 10 1 , |l^] , |17| . A typical model realizing the mechanism is the four-fermion interaction theory, 
' where a gauge field is induced as a composite of a fermion-anti-fermion pair Q - • The model is non-renormalizable 
in four dimensions, and we fix the momentum cutoff at some large but finite value. Then the strong coupling limit of 
^^O the model is known to be equivalent to the gauge theory (with the cutoff fixed) under the compositeness condition, 
Z3 = [plJT^, where Z3 is the wave function renormalization constant of the gauge field. Thus what is urgent for the 
induced gauge theory is to work out the compositeness condition. 

Though there exist several formal arguments on the compositeness conditions at higher order |^ , so far no reliable 
^ ^ investigations have been performed beyond the one loop approximation. In this paper, we show that, in spite of appar- 
^ I ent problems on the way, the compositeness condition in the abelian gauge theory (with finite cutoff) actually works 
f~| , at the non-trivial higher order. As is seen below, the compositeness condition itself spoils the ordinary perturbation 
^ ■ expansion in terms of the coupling constant. A possible alternative is the l/7V-expansion with the number N of the 
• ^ , fermion species. The next-to-leading order already involves infinite series of diagrams, which give rise to a logarithmic 
• singularity in the coupling constant. It is remarkable, however, that the compositeness condition is successfully solved 
H ', to give a surprisingly simple solution (Eq. ( p^ below). 

- - 1 In a separate paper p^ , a similar investigation recently performed for the composite scalar fields. It was, however, 
not really successful because the next-to-leading-order corrections are too large e.g. for iV = 3, and consequently 
the lowest order approximation was not acceptable. (See also the related arguments in - j2^.) In contrast, the 
next-to-leading-order correction in the present model is reasonably suppressed by an extra factor of e = (4 — d)/2 [d 
is the number of the space-time dimensions), and the lowest order approximation is justified. 

We consider the strong coupling limit / — > 00 of the vector-type four-fermion interaction theory for the fermion 
fields, (j = 1,2, •••,7V) §: 

Aformi = X! "^i (^^^ " "^-j) '^3 ^ -f V'jT^QjV'j j , (1) 

where / is the coupling constant, nij is the mass of ipj, and Qj is the constant which will be identified with the charge 
of ipj. The system described by the Lagrangian £4fcrmi is equivalent to that with the Lagrangian 

Afermi = E ^ " " ^^^^ + ^"^^^ ' (2) 
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with the auxihary field A^. We take the hmit / oo, and discard the last term hereafter. 

^'iievmi =J2^3^^ ^~ ™J " ^3- (3) 

3 

Then C'^f^j.^-^ becomes invariant under abelian gauge transformations. The kinetic term of is absent in (^), and is 
induced through quantum loop diagrams. In the previous works [0 - [|, however, only one-fermion-loop diagrams 
are examined. Then arises the question how we can incorporate the multi-loop diagrams including induced boson 
lines. The naive ways suffer from unmanageable divergences due to the non-renormalizability of the original model. 
If we first derive the effective action by performing integration, it involves non-renormalizable higher power terms 
in A^. If we use the Schwinger-Dyson or the renormalization group equations, we can incorporate only a particular 
class of higher-order diagrams. There is no guarantee that the discarded diagrams are really negligible. 

In order to avoid these difficulties, we need to renormalize the various quantities in a systematic way. For this 
purpose, we compare (||) with the fully renormalized version of the elementary gauge field theory: 

^gaugo = ^ Iprj {iZ2] ^ - Z,njm,j - ZijC^Qj^^) Ip.-j - ^Zg (F,^")^ , (4) 

j 

where ipi-j, A!^, and m,- are the renormalized fcrmion field, gauge field, coupling constant and mass of ■(/'rj, respec- 
tively, and F^^'^ = d^A'^ — A'^. In (^, Zy, Z2j, Z^ and Zmj are the renormalization constants, which relate the 
renormalized quantities V'rj: ^t'j Cr and m-i- to the corresponding bare quantities V'bj, A'^, Cb and mb by 

^b = "iphj = y/Z2jipij, Z2jm]^j ^ Zmjirirj, Z2j\/Z^eb ^ ZijC^. (5) 

As is well known the Ward identity implies that Zij = Z2j- Now we find that the Lagrangian (^) of the elementary 
gauge field theory coincides with the Lagrangian of the four-fermion theory with / oo, if we impose the 
compositeness condition P,|l8| 

Zs = 0, (6) 

and identify the fields and masses as = ej-A^^^, tpj — y'Z2j'0rj = tphj Eind rrij = {Zmj / Z2j)in^j = rrihj- The 
condition imposes a relation among the parameters in the elementary gauge field theory so that it reduces to the 
four-fermion theory. The coupling constant is related to the cutoff by this relation. In terms of the bare quantities, 
the condition (^) imply the singular limit Ab^ = and e^, — oo. It causes, however, no harm to the renormalized 
quantities. 

Thus, the strong coupling limit of the four-fermion theory is equivalent to the elementary gauge theory (with the 
cutoff fixed) under the compositeness condition (H), as far as we assume the same fixed cutoff for both theories. This 
is simply because everything is to be calculated based on the same Lagrangian and the same cutoff methods. It does 
not mean that the four-fermion theory is equivalent to the renormalizable and nontrivial gauge theory at the infinite 
cutoff limit. In this limit, the former gives a trivial free theory with vanishing coupling constant (see below). To 
avoid the absurdity, we fix the cutoff at some large but finite value, which we take as a real physical one. Then, they 
are equivalent in the sense stated above. This equivalence implies that we can in principle calculate the quantities in 
the four-fermion theory at any higher order by using the established methods in the elementary gauge theory. Thus, 
what is urgent in the former is to work out the compositeness condition Z^ — and to solve it for e^. 

This formal equivalence has been known for a long time |^ , but it is not the whole story, because the compositeness 
condition itself spoils the usual perturbation expansion in Cr. To see this, let us consider the lowest order approxima- 
tion. For a while we assume that the charge Qj are equal to each other for simplicity. The one-loop diagram in Fig.l 
gives 

where we have used the dimensional regularization. Then the compositeness condition Z3 = is solved to give 

e? = (8) 

This is the known result in the naive chain approximation [Q . From (|^) we can see that the theory becomes trivial as 
e — > 0. So we fix e at some small but non-vanishing value. We take the dimensional regularization as an approximation 
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to some realistic momentum cutoff A . It is well known that e corresponds to 1/lnA^ in real cutoff scheme at this 
order. Suppose we insert I fermion loops to boson lines in a higher order diagram, it will acquire an extra factor 
of 0((e^Af/127r^e)'). If we use the leading order relation (H), the extra factor is 0(1), and the higher order is not 
suppressed. Thus the perturbation expansion in ej. fails. 

Let us seek for alternative expansion parameters. Suppose that a self-energy diagram involves It loops in total and 
If fermion loops. Then a power counting shows that it behaves like 

where we have used the lowest order relation and we can expand the quantity in 1/iV. Even though the Q|'s are 
not equal, the hierarchy of the magnitude are maintained, as far as N is large and « 0{1) for all j. Thus we can 
expand the quantity according to this hierarchy. 

The next-to-leading contributions in 1/A^-expansion of are given by the diagrams in Figs. 3(a) and (b). The 
lowest-order self-energy part in Fig. 1 for a gauge boson with momentum is given by 

ciTT^(-9')"'(-ffM-<z' + q^.q.) + 0{m]), (10) 

iZTT e 

where 

ci = 6(27r)T(l -f t)B{2 - e, 2 - e) — > 1, (11) 

as e ^ 0. The 0{m^) terms do not finally contribute to the divergence of Fig. 3(a) and (b). Then, the fermion self 
energy part in Fig. 2 with momentum becomes 

e2 f-e^N\ (-fc2)-^('+i) 



--16^ 1 12^; (/+1) ^+^(-^)' (12) 

where I is the number of the lowest self-energy parts inserted on the internal boson line, and 

as e — > 0. Using (^2|) we obtain the following expression for the boson-self energy part in Fig. 3 (a) with momentum 

^,(a) ^ ^-e^iV^' (V)-('+^) ^ 2-6(^ + 3) ^ 

up to 0{ra^) terms, where 



"^"^ " 247r2e IQ^H \ We ) {I + + 2) [l - e{l + 2) '^'"'^ ^^^^^ ' ' ^^^^ 



= 6(27r)- ^|| + ^|| + ^jj i3(2 -e,2-e{l + 2))c, 1 (15) 



as e ^ 0. To calculate the self-energy part in Fig. 3(b), we rewrite the part 



in the integrand into the sum of the four parts 

and define the corresponding self-energy parts by n|]j/^'', Iljji?'', n|]j?'' and Il^'if'', respectively. Then, we obtain 
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n(bi) 



C3 



247r2e IGTr^e V 127r2e 
1 - e 



2\-e{l+2) 



(/ + !)(/ + 2) 



1 - e(Z + 2) 



- (1 - + 1))J5m-P'' 



(18) 



n(b3) = /^Zf!^ 
247r2e 167r2e I 127r2e 



il + 2) 



(19) 



n('^,4) = o(i/6') 



(20) 



up to 0{m^). From ( p^ and ([ij) - ( |20| ) we can see that the leading divergent parts of Il/i't , n| 
out and in total, the next-to-leading divergent parts contribute the term 



(bi) 



and n^'j,^-' cancel 



ejN 



to Z3. Taking into account the counter terms for sub-diagram divergences, we get 

\l-k„4 AT / 9 ,r \ ' 



I 

'^\k J 647r4e(fc + 2) 



etN 



eiN 



UTT'^e{l + l){l + 2) \12TT^e 



(21) 



(22) 



Note that only the counter terms for the gauge boson self-energy parts contribute, while contributions from those 
for the fermion self-energy parts in Figs. 3(a) and the vertex parts in Figs. 3(b) cancel each other due to the Ward 
identity. Performing the summation over and adding it to the lowest order contribution (^, we finally get 



ej.N 



3e? 



127r2e 167r2 



12^ 



In 1 



12n^ 



Now the compositeness condition at this order is given by Z3 = with the expression in ( 
a logarithmic singularity, we can solve it by iteration to get the surprisingly simple solution 



12^ 

N 



1 - 



9e 
AN 



(23) 

Though it involves 
(24) 



Note that the correction term (the second term in the square bracket in (p4|)) is suppressed by the extra factor e, 
which justify the lowest order approximation in the present model. The origin of the suppression factor is traced back 
to the gauge cancellation of the leading divergences of Figs. 3(a) and (b). It is easy to extend the argument to the 
case where the fermions ipj have different electric charges Qj. The result is 



127r^£ 



4 

J 



4(E,Q?)^ 



(25) 



A simple minded application of ( p5| ) to QED with three generations indicates that e « 6 x 10^'^, and the next-to- 
leading-order correction amounts to only 0.1%. 

This is in contrast with the large correction terms for the coupling constants and Ar of the composite scalars [19[ : 



leTT^e 

N, 



1 



leTT^e 

N, 



1-H 

Nr. 



(26) 



where Nc is the number of the colors. The correction terms in ( Pq ) are too large for e. g. Nc = 3, which deflates the 
validity of the lowest order approximation itself. 

Now we discuss extensions to non-abelian gauge theories. Consider SU {Nc) gauge theory with iVf ungauged flavors. 
The total number of the fermion species is = N^Ni. If all the degrees of freedom are gauged, i. e. if A^f = 1, 
the gauge boson self-energy diagram with a gauge boson loop behaves like g^A^/e ~ A. Those with the more gauge 
boson loops increase the more severely with A^. Thus the scenario to expand Z3 in terms of 1/A^ fails. On the other 
hand, if Ac is small and A'f is large, the gauge boson loops appear at one order behind and we can apply the above 
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method in an almost parallel way. This may be true for the case of the weak bosons, where Nc = 2 and N{ = 12, 
while we can not apply it to the QCD since iVf = 6 is not sufficiently large compared with A'c = 3. 

In conclusion, we have demonstrated the induced gauge fields in four-fermion theories beyond the one-loop ap- 
proximation by actually deriving the next-to-leading-order correction to the coupling constants via the compositeness 
condition. The results are based on a definite expansion in spite of non-rcnormalizability of the original model and, in 
principle, wc can calculate further higher order corrections. The correction term is reasonably suppressed so that the 
leading approximation is justified. The results should seriously be taken into account in the models of hadrons, weak 
bosons, and so forth. We expect that it can also be applied to the theories of induced gravity, hidden local symmetry, 
induced connections and geometric phases. For the models of induced connections or geometric phases, the present 
method amounts to quantizing the wave function of the slow variables (see |0) also. The effective Lagrangian for 
them is essentially given by (|3|) where the coordinate x corresponds to the slow variable, -0^ , to the wave function, 
and Af^ , as the induced connection. Then the induced gauge fields become dynamical through the quantum effects of 
ipj, just in the same way as described above. We wish that further studies will confirm the theoretical foundations of 
the ideas and their effects will be observed in the future experiments. 
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FIGURE CAPTIONS 

Fig. 1 The self-energy diagram which contribute to at the lowest order. The solid and wavy lines indicate the 
fermion and gauge boson propagators, respectively. 

Fig. 2 The fermion self-energy diagram at the next-to-leading order in The solid and wavy lines indicate the 

fermion and gauge boson propagators, respectively. 

Fig. 3 The gauge boson self-energy diagrams which contribute to at the next-to-leading order in 1/A^. The solid 
and wavy lines indicate the fermion and gauge boson propagators, respectively. 
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Fig. 2 
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